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Vibrations of an Inhomogeneous Layer
Hasan Engln and M. Ertac Erguven
Professors, Department of Civil Englneertng, Technical University of
Istanbul, Maslak-lstanbul, Turkey

SYNOPSIS:
In this study, we have investigated vibrations of an inhomogeneous layer which is forced
along its bottom. The shear modulus of the layer varies with deoth. Considering the layer thickness
is constant and the forcing displacement at the bottom is horizontal, shear vibrations·· will be studied.
The solution of the governing equation has been carried out by usina Bessel functions including
unknown parameter q. Frequencies which make the amplitude of vibrations infinite are called natural
frequencies of the layer. Variational of the natural frequencies and the shape of the shearing waves
along the thickness of the layer have been investigated for some values of inhomogeneity parameters.
INTRODUCTION
we consider a case in which the subsoil consists
of a comparatively soft soil stratum of thickness
lying over bedrock as shown in Fig.l. We studied
the simple case of plane distortial wave being
propagated vertically upwards in the soil. For
simplicity we assume the bedrock to be infinitely
and analyse the vibration of the soil stratum
under harmonic vibration. Numerical and
mathematicalanalysis also makes the solution
possible to consider soil strata with different
moduli and damping, and the bedrock may be
subjected to a recorded earthquake motion. Seed
and Idriss have used the lumped parameter_model
to represent a soil deposit whose stiffness
varies with depth (Seed and Idriss). Many authors
have studied on the effect of soil layered and
variable stiffness with depth (Jacobsen, Streeter
et al., Papadokis and Richart, Bowles). As known,
soil strata with different moduli can be considered as soil deposits having continuously variable shear modulus.
For most soils, shear modulus is very sensitive
to the confining pressure and the stress level.
Shear modulus varies with depth linearly in
cohesionless soils and varies with depth nonlinearly in cohesion soils. We consider the soil
stratum of thickness whose shear modulus varies
with depth nonlinearly like G(Z)•G0 (l+ky/d)a.
Exitation is provided at the base the top surface
of the layer is unloaded.
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Fig.l. Vibrating Soil Layer
The element deforms by displacement u in the
horizontal x direction, with displacements w in
the vertical z direction equal the zero. For this
condition the shearing strain, y is described by

y. ~
aY

( 1)

and the particle velocity, V is denoted by
ou/at. The dynamic shear~ngstress-shearing strain
relations for elastic material is
T
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BASIC EQUATIONS
We consider a case in which the subsoil consist
of a comparatively soft soil stratum of thickness
d lying over bedrock as shown in Fig.l. We shall
consider the simple case of a plane distortional
wave being propapgated vertically upwards in the
soil. For simplicity we assumethe bedrock to be
infinitely and excitation is provided at the
base as acosnt. The top surface of the layer is
unloaded. Fig.l.shows the simple shear deformation
of a soil element due to the shear waves through
the elastic layer of soil.
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in which G is the shear modulus and varies with the
depth. The variation of shear modulus consider to
be-

We Go shows the shear modulus at the top of
surface. k and a are the non-hoJI'I.ogeneities
parameters. Fig.2. shows the variation of G some
values of k and ~ •
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The general solution of eqn(lO) can be written
as follows (Hildebrad, 1972).
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where

k= 2

p(l-a)/(2-a), r:Cl-a)/2,m=q 2 n2;k 2 .

k= 4

Here Jp and J -p are the Bessel functions of first
kind and order P. c 1 and c 2 are integration
constants to be obtained by using the boundary
conditions. After some manipulations, we get
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Fig.2. Variation of Shear Modulus G/G0 with
respect to depth.
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Considering only shear distortion, the equation
of motion for a layer with thickness d is:
Where zi are

-aT

(4)

ay

z1 =Jp-1 (llii/n),

z2 J

<liii/nl
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where p is the mass density of soil. Substituting
eqns(l,2,3) into the eqn (~) we have
Recently, the solution can be rewritten as
follows.

(5)

If the motion of bedrock is harmonic as given by
acosnt in which the constant a is the the
amplitude of motion, then the boundary conditions
are
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NUMERiCAL RESULTS
The numerical calculations are carried out for
given values of P,G, and d in different
nonhomogeneous parameters. We note that for u:~
obtained equation gives the resonant frequencies.
Then we obtain the frequencies equation as
follows:

Using the dimensionless in the following
u •u/a, !;;= y/d,

(16)
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We can write the eqn(5) and boundary conditions
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'lbe roots o1' eqn ( 17) .are the natural frequencies:

(9)
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Choosing the solution of eqn(B) as u(!;;,s).V(!;;)·
cess and substituting into the equation and
boundary conditions, we have

In homogeneous case, k=O or a=O, eqn(l8) can
be rewritten as known values in literature:
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We see that the resonant frequency goes down as

the thickness of the soil layer increases or as
the shear modulus, G0 , decreases.
Fig. 3. shows the normalized natural frequencie· ·
with variation of k and ex nonhomogeneity
parameters.
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Fig.3. Variation of the Qatural frequencies
versus inhomogene~ty parameter K.
Many observation have shown that the ground
motion amplitude over soft ground may be several
times that over rock, particularly if the predominant frequency of the earthquake shock is
close to the natural frequency of the soft layer
(Gutenberg, 1957). The variation of displacement
with depth is illustrated in Figs.4a-b for
different nonhomogeneous parameters.
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Fig.4. Variation of wave shape with respect to
forcint Frequency. (a) cx=0.5 (b) cx:l.O
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